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Abstract
A higher-order phase difheling  technique that Tr-

duws  ihe coniplrrity of digital sinusoid gcnrnrtion is
prtscnted  and analyzed. A{th order phase dithering
dcnoies  the addition oj M indt-pcndcni, unijorln uari-
atcs to the sinusoid phase prior  to ujotd-length rcduc-
iion. S p u r i o u s  ntagnitudcs  duc to quaniizaiion  cflects
arc accclemfed  from the usual -0 dl{c per phase bit to
–6(M -I 1) dl~c per phase bit, while the noise pormr
inm-ases  linearly in h!. For  a given spurious spcciji-
caiion, higher-onfrr phase dithering pertnits  the usc of
jcwcr phase bits than the non-dithered systcm,  rcsuli-
ing in ali czy)oliential  reduction in look-up table size,
drarnalirally  decreasing system  compleztty.

1 introduction
l’base dithering is a useful way to reduce the colu-

I)lcxity  of di ital sinusoid generators []]. “1’lIC  addition
?of dither ([2 , [3]) prior to a reduction in the phase

word lmlgtli  pcrlllits the retcutiou of fewer phase bits
to luailltaill a giveIl spurious specification. Since the
r~hasc is used to specify an adctrcss in systems using an
allll)lituctc look-u~) table, the usc of fewer phase bits rc-
sult,s  in an cxl)ollcutial reduction in mcloory. ‘l’lIi: can
l,rovide sul)stallt,ial  savings  ill VI,SJ  ili~~)lcl[~eIltatlorls.
(;or]q)lcxity is also greatly reduced in generators that
usc  algc~ritllllls  i!lstcacl  o f  l o o k - u p  tat)les to l~roducc
out])ut alu~~litude  samples.

}’tlasc-dit}lcrcd digital sinusoid generators in digital
signal ljrocc.ssing  aljplications produce the same effects
as frequency synthesizers with phase noise in analog
appl ica t ions .  Whi le  the  savings in VIS1 colu~)lcxity
arc obtained at the cxl)cnse of increased system noise,
overall degradation is ruodest in high-bandwidth sys-
h711LS  where complexity reductions are r[mst  keenly al)-
l)rcciatcd. ‘lIIIe increased systmu noise is also a Illinor
conccril ill ap~)]icatiorls  that process all but the Iligllcst
signal- tc>noise  ratio in])uts.

“J’tlis paljer prcscllts a  n e w  a p p r o a c h  t o  phase
dithcril]g. “1’lIc dither signal is constructed by SUIII-
Inillg  M indcpcndctlt sequences of i.i. d. variates. l;ach
variate is ulliforluly  distrit)utcd over one quantization
illtcrval, e.g., [O, A) or [– A/2, A/2), where A == 2-b,
and b is tllc ]Iundwr of bits used to rq)resc~lt the phase

after word-length reduction. “1’bis signal is referred to
as an M ’h order ditticr signal because its characteris-
tic function haq  M*h order zeros at non-zero integer
Inultiples of ~ . “1’llis approach includes tile :nethod

I
of ]] as a special case where M = 1 and also treats
big  let-order dithering where M >1.

2 General Analysis
‘1’he overall noise and the spurious perforluancc  arc

the two figures of merit in a phase-dithered digital si-
nusoid generator that are considered here. Amplitude
quantization  effects arc ignored try assuming a sufli-
cicutly large number of bits arc used to represent each
alnplitudc  sa~nple,  Work ha~ been done treating both
alnl)litude arid  phase dithering [4] where it has been
~lotcd that pbaqe dithering ~)rovidcs  greater col1q)lex-
ity savings than amplitude dithering since the look-up
table size grows exponentially in the nulllbcr of ~)hase
bits and only linearly iu the nu:nber of aulplitude bits.
In practice, dither signal constraii)ts  can be relaxed
to allow for siluple  generator structures a]ucnable to
VI,S1 i]]~l)lerllelltatio]l.  Such structures are presellt,ed
ill a tatcr section.

It is desired to find the variallcc of ttlc I]oise  in -
troduced by Alth o r d e r  ~~hasc dittjerillg. l,ct x[?I] =

cos(27r~)[71])  rcljrcscnt a digital sinusoid that, has bccll
gc[lcrated I)y a systc~n  using Mih order phase dither-
ing.  Note ttlat amplitude quantization effects are be-
ing  igllorcd. l’he ~lorIllalizcd  phase s ignal  is  wri t ten

H ~
a~ ~)[n]  = d n + c n ] ,  w h e r e  o[n]  i s  the  ideal  Pha-qe
signal and c n is t IC quanfization n o i s e  s i g n a l .  l’he
normal ized  pha~c  sequence is the digital signal fro]n
which the systcIn c.o~lstructs  the a~[lplitude salnple se-
quence,  r[n]. ‘1’hc nor]nalized phase signal i s  gener-
ated by qualltiziug the SUIU  of the ideal Ijhasc s ignal
a n d  all Mih order dither signal, 2[11]. ‘1’he dither sig-
nal, 2[71], is an i.i.d sequcllcc  constructed by sunllni[lg
M independent variates, each ulliforlnly  distributed
over  one  quantization  interval. ‘1’he quantizatiou iu-
terval is dcfiucd by the quautizcr that the ~lorfnalizcd
pha9c  sequence  crucrgcs from. This ty~)c of a quall-
tizer systct[l is called a “Ilon-subtractive dither sys-
te]u” and waq studied in detail by Gray arid  Stocktlatn
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[3] who showed that the quantization  noise signal is

white with variant.c f-*~~2~A-2. IMnc the error due to
~,haw  ditbcrillg to be e= [n] = ir[n]- cce(2T~[n]).  Using
slnall angle approxilnatiotm and following the analy-
sis of [I],  the er ror  due  to  phase  dit}lering is easily

shown to be a w}lite  process with variance @~i 1 )~2A~ .

Since the noise power is white, it is often tolcr~tde in
wide- band system~.

‘I>he spur ious  pcrforlnance of the phase d i t h e r e d
systeln is found by c o n s i d e r i n g  the autocorrelation
function, l;{x[n]x[n  + nl] ,

1
wlmc 1;{} denotes the ex-

pcci,ation operator and t le la , m, is non-zerc).  Since
the lag is rlon-zero, x[n]  and x n -i m] are independent

~[t,ccausc the di ther  s ignal ,  2 n , is i.i.d. ‘1’hc autoc.or-
rc.lation  function becomes t e product of two expec-
tations and it sufllces to consider the “expected wave-
form,” l;{r[n]}, to obtain spectral information. Sil)ce
the dither signal and the quantization error are O(A)
and A is small in practice, we can expand the output,
*[7)],  in a “1’aylor series about ([n] = O:

where j@J(0) denotes the kfh derivative of the func-
t i o n  j(d) = COS(0).  q’lle k th tcrlll  jr, t]lc cxpar)sion i s

proi)ortiona] to the quantization noise signal raised to
the kth power. ~b  evaluate the expected waveforrl],
wc take the cx~jectcd  value of the ‘1’aylor series:

M{TIIl]} =  cos(2irf#J[7i])

k=l

]t was shown hy Gray and Stockllam [3] that the first
hf lnomcl]ts  of tbc quantization n o i s e ,  c[n],  arc  in-
dclmlldent  of (IIC “desired” signal, ~[n]. T h e r e f o r e ,
each of tbc first h4 tcrrns in the above suln over k c a n
bc wri t ten as  a  c.onstarlt tirncs citber cos(27r@[n]) o r
sin(2rr~~[n]).  Since each of these tcrrn.. has frequerlc.y
sul)port orlly  where tllc desired sinusoid, cos(2T4J[n])
has support, these tcrr]ls do riot generate spurious llar-
Inonics. ‘1’lIc first hf  terlns rnakc the  effect ive  am )li-

[tudc of the ideal portion of the output siglial,  x n],
different from unity. ‘1’he diflm-ence  is small, however,
because the largest of the first h4 terms is O(A).

‘1’}w (A4+  l)~h rnornent of tbc quantization noise will
gerlcrally bc dependent on the icleal phrwc signal, ~[n],
whic}l is a periodic sawtooth signal. ‘1’hcrcfore,  the
(A4 + 1 )’h moment  is generally I)criodic and gives rise

to s})urs which arc scaled by ~~~+M1~~  and arnl~litudc

rllodulatcd by the siilusoid ~[*f  ~ 1 )(2n~[n]). Since CIII]
is O(A), its (h4 + l)~h morncllt  is O(A(*’+ l)). ‘l’herc-
forc,  t}lc lnaxirnurn  spur power is 0(A2(Jf~ 1)), giving
t h e  6(A4 -t 1) dllc pcr phase  b i t  resul t .  III order to
tig}ltcn  the bound on the Inaximurll  spur power, the
following section considers the constant terln in the
order expression O(A2(M~  l)).

3 Tight Per formance  Bounds  f o r
Specific-Order Dithering

While the theoretical bounds derived ill the prcccd-
ing scctior) demonstrate the fundamental - 6(A4 + 1 )
dllc per phaqc Lit spurious pcrforrnancc for A4th-order
phase-di thered  systerm, co~nparison  with the results
for tirst-order dithering presented in [1] indicates that
the actual spurious performance is significantly better.
l]y  cxarllinir]g the expected waveform aq a power series
in the quan Lization  noise, and directly allalyzirlg  the
s e c o n d  rnomcnt  of the quantization noise, t,}le worst-

caw spur ious  pcrforrnancc waq found to bc ~~$~,  or
7 ,84  –  12.04b dJJc,  for b-bit pbasc af ter  i i rs t -order
ditbcring.

Specific higher-order dither cases car) bc analyzed
u s i n g  t h e  sarnc tecbl]iqucs as tboac f o r  f i r s t - o r d e r
dithering. For second-order dithering, consider the
th i rd  moment of the quantization noise, 1; C3[n]}. If{
t h e  ditllcr is tllc s u m  o f  t w o  unifornily-dw.tributcd
[0, A) random variates, then it will have the follow-
lllg probability density furlction:

f(r) z.

{

P/A forO~~<A
( 2 -  Y)/A for A<z <2A “

“1’his ditllcr var ia te  i s  added to the phaqc  v a l u e ,
arid  the result is truncated to for]n a b-bit value. For
each phase sarn~)lc value!  #[n], the cluarltization  noise
at a given time, ([n], M a well-defined, discretely -
distributcd rando~n  variate. In second-order dithering,
the quantization  noise haq  tbrec possible values:

{

- p[n]A with probability (1 - p)2

([?1] = (1 - PIT1])A  w i t h  p r o b a b i l i t y  ~ -t p,- ~~3)

(2 - p[n])A with probability ~

where  p[?~] = (4J[T~]  mod A)/A, the quantizatiorl  error
for non-diihcrcd  truncation normalized to A = 1.

A little algebra c.onfir~ils that F;{c[n]}  and I;{cz[n]}
arc, aq prcdictcd I)Y theory } illdcpcndcl)t of the input
~,h,wc, as well aq indicating that ~[n]  for this truncat-
ion irl~~~lcrllcl]tatioll  should bc b iased to  counterac t
the nonycro, constant value of ~;{t[n]}.  k’urthcr alge-
bra gives the following result for the third rnorlmnt of
the quantizatiorl noise:

Over the valid range of p[Tl],  O s p[n]  < 1, the values
of ll{C3[~J]} arc tightly constrained so that 0.45A 3 <
L’{cs[n]}  < 0.55A 3. ‘I%is gives the peak-to-rwak vari-
ation of arly periodic colnponcnt of the quantization
lloisc  sequence as < 0.1 A3. Following the analysis of
[]] for first-order dithering, the second-order dithered
system’s spurious pcrforrnancc can be bounded more
c.loscl y aq:

“)s”< [’2”:)3042
=. 0.3 - 18.lb dHc, (5)
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where SpS1/ is the ratio of the power in the lnaxilnunl
s~)ur coinl)onent to the ;cmrcr  in the desired sinusoidal
signal. It is not know-l] \~:llether  this bound is achieved
as it is in the first-o[dvr d i thered  systenl, but siinu-
Iation exarnplm shown ill Scctiou  5 indicate that it is
tight within 1 dll.

Similar specific-order anaiysis can be performed for
higher-order dithered systems, as design rcquirerncnts
are formed, after using the si[np]cr 6(M + 1 ) dllc per
I)haw bit bound to give  tile af, proximate dither order
required.

4 Perfornlance  and  Complexity
‘1’hc  fo l lowing  compar ison  den)onstratcs the cir-

cuitry c.oinp]cxity  savings of higher-ordor pham dither-
ing  over  n o  phase, dithcri]lg arid first-order phase
dit,hcrii,g. It is desired to have  bcttm than -90 dllc
spurious l)rrforlnance when the clock ratcis 100hflllz.
‘1’his higl] level ofspcctral purity is desired for racii~
science a~)l)lications  in NASA’s l)ecp Space Network,
as well as for use with high-resolution, high-dynamic
rallgcsi)ectrLlrrl arlaly7{rssllc}l  asthcmin [5].

An  oftrm  used and silliple rncthod of generating a
sarnl)lc of a sinusoid froln a l~}la.se sample is to usc a
look-  ul,  tat)le. ‘1’ltc circuit colllplexityo  falook-upta-
blc is exporlential ill t}le nurilt)er of phase bits used, re-
q u i r i n g  2b - 2 entries, evcrl when quadrarlt syln]nctrics
arc crnployed. Achieving -90 dllc s~)ur performance
w i t h o u t  phase dithcril)g requires 17 bits of phase,  as

i~lput  to a look-up table, and often requires the usc
of arithnwtic  algorithms which involve multi-bit rliul-
tiplicrs. lly incorporating one additional adder arid
a ]mudorandom number generator to the unwithered
system, a first-orclcr phaw-ditbcrcd sinusoid genera-
tor rcquircs only 9 look-~1~)  phase bits for better than
-go  d])c  J) CrfOrlllarlCe, ~’. tduction  in co~]lplcxity  of a
factor of 256. [Jsing two imcudoraudorn  number gcm-
cratcms  arid  twoadditicma]  addcrsovcr the unditllcrcd
systm]], swcond-order ~)hase dithering requires only 5
look-uI~ phase I)its  to  achieve  -90  d}lc  Iwrforlna!lcc.
Section 5 will snow that a siilll)lc, linear feedback shift
rcgistm (I J1’SIL)  Imwdorancto[ll  nunlher generator will
suflice. ‘J’hc resultirlg sccolld-order l)hasc d i t h e r i n g
system rncrnory consiski of only 8 elitries wlwn  quad-
rant sylllr[wtries  arc used, ill c.oxltrast  to  the  32,768
ml(rics that a systcrn with no phase ditheri]lg w o u l d
require, as showli  in ‘lhble I. Also show]]  in tllc table
is the pcrlalty paid in the dithered systems: a white
noise I)owcr  tcrln lnodulated  onto the sinusoid which
i)icrca.wx  in power 6 dll with each reduced bit, and
lillcarly with thcordcr of thedithcr.

Table 1: System  Comparison:
-90 d13c spurious and 100 MHz clock

l’hasc J,ook-up Noise  1 ‘ower
Dilhcr l’base hfernoty Spectra]
Ordm Ilits Entries l)cnsity

nmlc ?? 32768 -173.8 dl\c/11~,
1 9 128 -124.2 dllc/Hz
2 5 8 -97.0 clBc/Hz

‘1’he :Ioise  p o w e r  sl)cctral dc]lsity of  the  second-
ordcr phase-dithered system is tlighcr than the phase

rloise  density of econor[lically priced analog frequency
synthesizers. III addition, when used a~ part of a direct
d ig i ta l  frcqucwcy  synthes izer  (J)IE), t!ie  )Ioisc  ~}ower
produced by sccoi~d-order dithering to 5 bits is greater
than the quantization noise introduced I)y 8 bit digital-
t~analog conversion, rcgardle.~s  of sar[l[)litlg  rate. As
a result, second-order dithering down to 8 bits might
bc used in a }]ig}l-~)crfor]l]arlcc  I)IM systerll, resulting
in phase-spur performance that vastly exceeds our ex-
arllple requirermnt, yet giving a table size half that
of the first-order dithered systcrn that just rnccts the
rcquirerncnt.

Ilccausc of the significant noise penalty, second-
ordcr dithering down to the minimum nulnber of hits
required is corlsidcrcd useful mainly for IIigh-rate ap-
~,]ications  in which c.oars-resolution dlgltal-t~analog
converters, e.g., less than 5 bits, arc used, or to reduce
cotliplexity  in those applications where noise p o w e r
slmctral dcnsit,y  requirements on the NCO are 100SC.

in ap}~licatiorls  where  one can tolerate the level of
noise illtroduc.ed I)y using second-order phaw dithcr-
irlg, it rnakcs SCIISC  to amplitude dither the result ing
sinusoid values to reduce the word length to be equal
to  the  reduced phase word  length .  The arl]plit,ude
dithering tcchniquc is the straightforward addition of
a u]liforl]lly distributed [0, A) variate, as described itl
[4]. ‘1’his will add a white noise coln~)ollent  of variance

~a , which  reduces the signal-t~noisc ratio by only-..

0.07 d]). For the -90 dl~c example given, a reduction
froln 16 arl]plitude bits to 5 amplitude bits would save
59% of the corllplcxity  of data path and input/output
hardware; if the sinusoid is multiplied digitally, sav-
ings in rnuttiplicr complexity WOIIICI be much greater.

5 l}ractical  Ilit,hei  Generation
1 n practical systems, a pse.udorandorn number se-

quence is substituted for the i.i.d. d i ther  sequence
used in the analysis. One class of sequence generators
of I)articular interest are the LFSR pseud~noise (1’N)
sequence generators. ‘1’hese generators are easily irm
ptc]nented, requiring only a shift register and a fcw
XO1t  gates, and yet they generate bit streams with
quite good ra]ldmnncss relative to Golumb’s  randolil-
rlcss  postulates [6]. Ilowcver,  the I,F’SR })N generators
l)roducc periodic dither scquerlccs, which rnakcs them
IIot s t r ic t ly  i.i.d. For  p r o p e r  randorllnessl the gener-
ators of cacll uniform deviate added into the higher-
order phase dither variate need to be initialized to
different states.

As  one ruigtlt cx~~ect, the use of a periodic dither
sequence, random within a period, produces a peri-
odic term in the quautization error .  ‘1’his, i n  t u r n ,
will introduce spurious content to t}lc digital sinusoid
gcmerated. Such a random, periodic dither sequence
with period l,, has a power spectrum consisting of a
series of 1, ilnpulscs, evenly spaced in frequency, each
having  equa l  ~lowcr. llsing the total noise power de-
rived earlier, the resulting spur powers arc cacll lCSS

than or equal to f~~~#a9~, where A4 is t,hc order of
tile dither. “l’llus, for ‘a s~mcified  spur ious  Icvcl  and
dither order, the It]inirnurn  required I,FSIL  length call
bc det,er~nined.  Since the I)criod  of the sequence, 1,, is



cx~)onelltially  related to tl)c l,FSR length, 1, 1, =: 21- 1,
[Icsiglis  with reasc)nablc length 1,1 SR PN g,encrabrs,
(/ = 20- 30), will suflicc even  for very high spectral
Jjurity aI,l,licatiorls.

G IIesign  Exanlp]e
‘J’I]c  I,loc.k d iagram of  a  d ig i ta l  s inusoid  genera-

tor irlcorl)oratirlg  second-order dit}lering is shown in
l’igurc 1. ‘1’IIC dramatic reduction in look-up table
sim arid  arithmetic complexity cnablml by the usc of
second-cmdcr  d i ther ing  nlakes this -90 dl!c s~)ur-free
NCO  easily ir[lplerncntablc  in VI,S1.  ‘l’he second-order
IJhaw  dither produces a digital sinusoid contaminated
wit}l periodic noise, w’hitc to a level of -90 dllc, at a
sigrlal-to r~oisc ratio of 20 d]]. Such a digital sir]usoid

t

crlcrator is useful as a local oscillator in hi,gl)-rate
> 100 N4117,  ) ap}~lications  or irl noisy signal cnviron-

IIlcllts.
‘] ’he syst,cril  parameters arc as follows:

l’ha.qc bits arc ill unsigned fractiorlal cycle rcprc-
scntatior) witt]:

phase accumulator word-length deterl[~irlcd
by frccluerjcy  rwsolut  ion, and

~ ]6 l~its prior to addition of the SUII1  of 2
urliforrn I)haqe  dither variates, with ~ 5 bits
after dither addition and trurlcat,ion;

Alilplitude look-up-table with:

~ 8 clltrics (using quadra]lt syrnrnctries) o f
~ ]6 bits each normalized so that, the sinu-
soid amplitude equals 2048 16-bit quanti7,  a-
tion ste],s less  than tile full-scale VdlUe;

I,itlear feedback shift register 1’N generator with
~ 18 lags producing one 1 l-hit arn~)litudc  dither
variate, and

‘Iwo I,lSR 1’N genera tors  each wi th  z 24 lags
for gerleration of two 12-bit phase dither variates,
irlitialized  to difl’erent  states.

A 12-bit full adder to sum tllc two I)hasc-dither
variates into a 1 3-bit result.

7  S i m u l a t i o n  R e s u l t s
l’igures 2 through 4 illustrate the spurious ilnprovc-

]Iw]lt of bigllcr-order  phase  dithering when the look-
u]) phase word-length is constrained to he 5 bits. ‘1’lle
frequency is tllc salne for all three figures. ‘1’he dither
signals  were generated by a 24-tap l,FSR  1’N gencra-
tc)r, fornling multi-bit words from the instantaneous
co]ltcllts  of the shift regis ter . A s  such?  the  d i ther
sequences  arc  riot  quite white, with a s]rght lowpa$s
colora t ion  wi th  less  t}lan  5 dIl drop across the en-
tire band. ‘1’hese simulation results were generated
with 512k point, urlwindowcd  FF’1’s. 11’or  display pur-
lmscs, the l)ositive frequency half of the resulting s~)ec-
tra were cornl)ressed by taking the rnaxirnuln  of each
block of 64 adjacent power values.

Figure  2 illustrates the worst-case phase spur jler-
forlnallcc, produced as in [I], at a level of -26 dllc for
fivehit ])hase lookup. Note that in this case, all of

the pbasc quarltizatiorl error ~)ower is ir: discrete fre-
quency conq)onents, causing the sI)ur  and sorlw  slight
distortiorl of the fundamental.

Figure 3 illustrates the inlprovernent gained v~ith
first-order dithering. ‘J’he nlca~u  red average noise
power spectral density, before compression by nlaxi-
Imln, is -71 dllc per lFrl’ bin, gi}illg  a  to ta l  noise
power of -20 dl)c. l’hc worst-ca~c pha~e  s~~ur  is noti-
ceable at a level of -52.3 dllc, in agreement with theory.

Figure 4 shows the salne frequency with sccond-
order dithering. q’he average noise power is -74 dllc
Jmr Fk”I’ bin. As can be seen, the spur is substantially
reduced to below tllc level of the noise. in fact, for this
frequency, the worst-case, for both the unwithered and

the  f i rs t -order  d i ther ing,  I;{(3[n]} is a corlstarlt  $3 ,
~naking  any spurs  present  0(A4) in arllplitude. ‘l’he
dither signals were generated using two 24-tap I,FSR
I’N generators, with the same generator polynomial.

Figure 5 shows a worst-case result for second-order
dithering to 4 bits of phase. q’hc dither sequence w’a~
g e n e r a t e d  as in l’igure 4. in order to S}IOW  s p u r s
clearly, a 16 Megapoint l’l’rl’ wrw performed in  th is
case. For display purposes, the positive frequency half
the resulting spectrum was compressed by taking the
IllaXir IIUr Il of each block of 512 adjacent power values.
‘Jihc results show residual second-order spurs at the
l,redicted levels for 4 bits, aJ)proximatcly -72 dllc.

8 Conc lus ion
‘1’he tcc.hniquc  of higher-order phaw dithering for

reducing the cornj)lcxity of }Iigh-spectra] purity digi-
tal sinusoid generators }la~ been presented and ana-
lyzed. ‘l’his tec}lniquc adds M uni form random de-
viates to reduce t}ic word length used to reprcx~cnt a
sinusoid’s phase value while introducing periodic corrl-
ponents at a level of -6(M + 1) dIlc per bit, and a
white Iloisc  floor. While the noise level added in takin

7full advantage of even second-order dithering (Af  =. 2
may be too }ligh for low speed, big}l SNR appl ica-
tions, the the whiteness of the added noise rnakcs this
technique ideal for usc in high speed (> 500 hl}lz)
irltcgratcd-circ uit, sinusoid generators. l,inear feed-
back shift register-based PN generators can be used as
a low-cc) rllI>lcxity  dither generator wit,}] this tcchlliquc,
I)roviding a straightforward path to VI,SI inlplcrnen-
tation. IJor  further circuitry savings, the result.in si-

!nusoid  sanll)lcs  may be amplitude dithered to rc uc.e
their word length without significant loss.
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